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Abstract 
To evaluate longitudinal vibration of flexible hoisting systems with time-varying length, the governing equations 
are developed employing the extended Hamilton’s principle considering mutual influence of the rigid motion and 
deformation of flexible hoisting systems. The Galerkin’s method is used to discretize the governing equations. In the 
mean time, A Lyapunov controller which can dissipate the vibratory energy is derived. The motions of elevator 
hoisting systems were illustrated to evaluate the proposed mathematical models and controller. The results of 
simulation show that the modeling methods can represent the longitudinal vibration of flexible hoisting systems. The 
proposed controller can effectively dissipate vibratory energies of the flexible hoisting systems. 
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1. Introduction 
Rope is employed in hoisting industry such as mine hoists, elevators, cranes etc, it is subject to 
vibration due to its high flexibility and relatively low internal damping characteristics [1]. Most often 
these systems are modeled as either an axially moving tensioned beam or string with time-varying length 
and a load attached its lower end [2]. It was shown that the vibration energy of the rope changes in 
general during elongation and shortening. When the rope length is being shortened, vibration energy 
increases exponentially with time, causing dynamic instability [3]. The study of rope vibration problems 
in flexible hoisting systems has attracted wide attention. Zhu and Chen [4] investigated a comprehensive, 
theoretical and experimental study of the uncontrolled and controlled lateral responses of a moving cable 
in a high-rise elevator. A novel experimental method was developed to validate the uncontrolled and 
controlled response and shown good agreement with the theoretical predictions. Fung and Lin [5] 
analyzed the transverse vibration of elevator rope with time-varying length and the time-depended mass 
and inertia of rotor were considered. A variable structure control scheme is proposed to suppress the 
transient amplitudes of vibrations. While extensive studies focus individually on transverse vibration of 
the rope, the longitudinal vibration of the rope is also a popular subject recently. The current research 
efforts mainly concentrated in the modeling method of longitudinal vibration. Chi and Shu [6] calculated 
the natural frequencies associated with the vertical vibration of a stationary cable coupled with an elevator 
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car. Young and Rajesh [7] derived a physics-based dynamic model of an elevator’s vertical motion, 
scalable to varying rises. Zhang and Zhu et al. [8] derived the governing equation and energy equation of 
longitudinal vibration of flexible hoisting system with arbitrarily varying length. However, mutual 
influence of the rigid motion and deformation of rope was not considered on longitudinal vibration 
modeling, and the study of control of longitudinal vibration is a relatively less studied problem in 
literature. In this paper, the flexible hoisting system is regarded as a flexible multi-body system. The 
governing equations of flexible hoisting system are developed employing the Hamilton’s principle. Then, 
solve them with numerical methods. This is helpful to comprehend the dynamic behavior of flexible 
hoisting system with time-varying length. In the mean time, A Lyapunov controller which can dissipate 
the vibratory energy is derived.  
2. Model of the flexible hoisting system 
Flexible hoisting system is simplified as an axially moving string with time-varying length and a load 
m at its lower end, as shown in Fig. 1. The string has Young’s modulus E, cross section area A, and the 
density per unit length ρ. The origin of coordinate is set at the top end of string and the instantaneous 
length of string is l(t) at time t. The instantaneous translational velocity and acceleration of the string are 
)()( tltv &=  and )()( tvta &= , respectively, where the overdot denotes time differentiation. At any instant 
t, the longitudinal displacements of string is at a spatial position x(t), where 0≤x(t)≤l(t), is described by 
w(x,t). The model base on the following assumptions: 1. Young’s modulus E, cross section area A, and 
density of the rope ρ are always constants; 2. only longitudinal vibration is considered here. The elastic 
distortion of rope arousing from the longitudinal vibration is much less than the length of the rope; and 3. 
the bending stiffness of rope, all the damp and friction, and the influence of air current are ignored. 
 
 
Fig.1 Schematic of flexible hoisting system with time-varying length 
The kinematic constraints of the flexible hoisting system are 
crtl =+ θ)( ， 0)( =+ δθδ rtl ， 0)( =+ θ&& rtl                                        (1) 
where r and θ are radius and angular displacement of the sheave, respectively, c is constant. 
The kinetic energy and potential energy of flexible hoisting system is given by  
∫ +++++⋅+= )(0 2222 )(5.0)),((5.0)(5.0 tl xttk dxvwwvtlwvmrrIE ρθρ &                  (2) 
where I  is inertia of the sheave, and the first term on the right of (2) represents the kinetic energy of 
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load at the lower end of string, the second term represents the kinetic energy of the string. 
The elastic strain energy of the string is 
∫ += )(0 2 )5.0(tl xxe dxEAwPwE                                                       (3) 
where P=[m+ρ(l(t)-x)]g, with P represents the quasi-static tension in the string. 
When the reference elevation of the string with zero potential energy is defined at x=0, then the 
gravitational potential energy of flexible hoisting system is  
),(),(
)(
0
tlmgwdxtxgwE
tl
g −−= ∫ ρ                                                  (4) 
where the first term on the right of (4) represents the gravitational potential energy of the string, the 
second term represents the gravitational potential energy of the load. w(l,t) is the longitudinal 
displacements of the load. The virtual work done by external forces is 
),( tlwuTW fδδθδ +=                                                            (5) 
where T is torque applied by sheave, and uf is control force.  
The governing equations and the associated boundary conditions are derived through the extended 
Hamilton’s Principle. Applying the variational operation and the procedure for integration by parts yield 
the following governing equations, 
)(0,0)2( 2 tlxEAwgPvwvwvvww xxxxxxxttt <<=−−−++++ ρρ &&                   (6) 
The associated boundary conditions are 
∫ ++∂
∂−=+++++++ )(
02
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xtxttt dxvwwvt
vwwvv
r
Ttlwamar
r
I ρρρ                (7) 
( ) )(,0 tlxuEAwmgPvwm fxtt ==−+−++ &                                       (8) 
The energy associated with the longitudinal vibration of the system is  
( )∫ ++= )(0 22 5.0),(5.0 tl xttw dxvwwtlmwE ρ                                         (9) 
3 Discretization of the governing equations 
In this section, Galerkin’s method is applied to truncate the infinite-dimensional partial differential 
equations (6) into a set of nonlinear finite-dimensional ordinary differential equations with time-variant 
coefficients. Then, solve them with numerical methods. In the first scheme a new independent variable 
ξ=x/[l(t)] is introduced and the time-variant domain [0, l(t)] for x is converted to a fixed domain [0, 1] for 
ξ. According to the characteristic of taut translating string, the solution of w(x, t) is assumed in the forms 
[8], 
∑∑ == == ni iini ii tplxtptxw 11 )()()()(),( ϕξϕ                                         (10) 
where pi(t) (i=1,2,3,…,n) are the generalized coordinates respect to w(x, t) and n is the number of 
included modes. φi(ξ) are trial function [8], 
( )2)12(sin2)( πξξϕ −= ii                                                     (11) 
Substituting Equation (10) into Equation (9), multiplying the governing equation by φj(ξ) 
(j=1,2,3,…,n), integrating it from ξ=0 to 1, and using the boundary conditions and the orthonormality 
relation for φi(ξ) yields the discretized equations of longitudinal vibration for the flexible hoisting system 
with time-variant coefficients 
)()()()()()()( tFtPtKtPtCtPtM =++ &&&                                               (12) 
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where P(t)=[p1(t), p2(t),…, pn(t)]T is vector of generalized coordinate, M(t)，C(t)，K(t)，and F(t) are 
matrixes of mass, damp, stiffness and generalized force respect to P(t), respectively. Solving the ordinary 
differential equations (12) with numerical methods may yield the instantaneous values of P(t). 
Substituting these values into Equation (10) may yield the instantaneous values of longitudinal vibration 
of the string w(x, t). 
3 Controller design 
In this section, a Lyapunov controller is proposed which can assure dissipation of the vibratory energy. 
The objective of control is to dissipate the vibratory energy in Equation (9). Asymptotic stability of the 
system is guaranteed by Lyapunov stability theory. In this method, the selection of the appropriate 
Lyapunov candidate function is very important. The Lyapunov candidate function are given as 
( ) ( ) ( ) ∫∫ ++++++⋅+= )(0 2)(0 2222 5.05.0),(5.05.0)( tl xtl xtt dxEAwdxvwwvtlwvmrrItV ρθρ &      (13) 
It is obvious that V(t) is always positive definite. Differentiating in Equation (13) using Leibnitz’s rule 
yields 
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On substitution of motions Equations (6)-(8) in Equation (14), followed by integration by parts, yields 
[ ] ),(5.0)5.05.0()( 202222 tlwuvrTvEAwwvwEAvtV tfxxlx +−−−+= ρρ&                    (15) 
The control inputs T and uf are chosen as follows 
[ ]202222 5.0)5.05.0( vEAwwvwEArT xxlx ρρ −−+= , ),( tlKwu tf −=                    (16) 
where K is positive constant controller gain. Equation (15) can be further simplified as follows 
),()( 2 tlKwtV t−=&                                                                (17) 
It is obvious that )(tV&  is always negative definite. So the proposed controller can guarantee the 
asymptotic stability of the system in the Lyapunov sense. 
4 Simulation results and analysis 
The motions of elevator hoisting system were illustrated to evaluate the proposed mathematical 
models. The parameters for elevator are ρ=0.7kg/m, m=300kg, EA=8×106N. The maximum hoisting 
height, velocity, acceleration, and jerk are 130m, 5m/s, 1m/s2, and 1m/s3 respectively. Ignoring the 
stiffness of the rope, elevator hoisting system is models as an axially translating string with a load 
attached at its lower end. The flight time for a travel distance of 130m is 33 second. Fig. 2 gives the 
prescribed displacement, velocity, acceleration and jerk curves of elevator hoisting system. Utilizing the 
curves as the input of Equation (12) may obtain the longitudinal vibration response of elevator hoisting 
system. The longitudinal vibration velocity of the lower end of the string and energy of the longitudinal 
vibration of the system are shown in Fig. 3, respectively, during upward movement of the elevator. Fig. 
3(a) and Fig. 3(b) show the longitudinal vibration velocity of the lower end of the string and energy of the 
longitudinal vibration of the system without controller, respectively. Fig. 3(c) and Fig. 3(d) show the 
longitudinal vibration velocity of the lower end of the string and energy of the longitudinal vibration of 
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the system with controller, respectively. The longitudinal vibration velocity of the lower end of the string 
and energy of the longitudinal vibration of the system are shown in Fig. 4, respectively, during downward 
movement of the elevator. Fig. 4(a) and Fig. 4(b) show the longitudinal vibration velocity of the lower 
end of the string and energy of the longitudinal vibration of the system without controller, respectively. 
Fig. 4(c) and Fig. 4(d) show the longitudinal vibration velocity of the lower end of the string and energy 
of the longitudinal vibration of the system with controller, respectively. 
 
 
Fig. 2 Movement profile curves of the elevator 
 
Fig. 3 The longitudinal vibration responses during upward movement of the elevator 
 
Fig. 4 The longitudinal vibration responses during downward movement of the elevator 
From Fig. 3 and Fig. 4, it is observed that the amplitude of the longitudinal vibration during upward 
movement of the elevator was significantly higher than that of during downward movement of the 
elevator. The result is compatible with the result in Ref.[2]. In the mean time, no matter what upward 
movement or downward movement of the elevator, longitudinal vibration amplitude of controlled 
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hoisting system was significantly lower than that of uncontrolled hoisting system. Using other elevator 
parameters as input, Equation (16) may obtain similar results. Otherwise, no matter what upward 
movement or downward movement of the elevator, the longitudinal vibration of the string has not 
disappeared while traction stopped. The string had residual vibration. In addition, the amplitude of the 
longitudinal vibration obviously changes when the elevator was accelerated, decelerated and braked. This 
changes were caused by time-varying dynamic parameters such as l(t), v(t), a(t) etc. Hence, movement 
profile curves of the elevator have an important effect on the dynamic response of flexible hoisting 
system.  
5 Conclusions 
Considering the continuum medium mechanics and the effect of the geometrically non-linear 
kinematics of deformation, the governing equations of flexible hoisting system with time-varying length 
are developed employing Leibnitz’s rule and the Hamilton’s principle. 
Galerkin’s method is applied to truncate the infinite-dimensional partial differential equations into a 
set of nonlinear finite-dimensional ordinary differential equations with time-variant coefficients. The 
motions of elevator hoisting system were illustrated to evaluate the proposed mathematical models. 
An asymptotically stable controller was proposed based on the Lyapunov stability theory. The results 
of simulation show that the proposed controller can effectively dissipate vibratory energies of the flexible 
hoisting systems. 
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